Rat on a sphere: Exploring alternate grid cell representations on a hemisphere
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Abstract

Grid cells in the medial entorhinal cortex are funda-
mental to mammalian spatial navigation, forming peri-
odic, hexagonal firing patterns that serve as an inter-
nal map. While these cells exhibit isotropic firing in flat
two-dimensional environments, their behaviour in three
dimensions is more irregular, with the mechanisms gov-
erning spatial cognition beyond planar surfaces remain-
ing largely unexplored. This study examines how spa-
tial encoding adapts to a curved two-dimensional surface
embedded in three dimensions. Specifically, we simu-
late a rat’s movement on a hemispherical surface under
varying gravitational strengths and consider three spa-
tial encoding strategies based on the Successor Repre-
sentation framework: (i) aligned with the sphere’s curva-
ture (logarithmic projection); (ii) relative to the horizon-
tal plane tangent to the hemisphere at its origin (orthog-
onal projection) and (iii) using polar coordinates. Our
results show that orthogonal projection does not elicit
particularly salient or regular grid patterns, which com-
promises localisation. In contrast, logarithmic projec-
tion improves localisation while encoding in polar co-
ordinates enhances grid regularity at a cost to localisa-
tion. These findings highlight the need to account for
third-dimensional effects on grid cell organisation even
on two-dimensional surfaces. Our model establishes a
theoretical foundation for future empirical studies and of-
fers extensions to computational models exploring grid
cell formation on flat two-dimensional surfaces (embed-
ded in two-dimensional space).
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Introduction

While grid cells in the MEC have long been implicated in
encoding odometric spatial information, emerging evidence
points to their role in forming predictive spatial representations
that integrate both geometric and topological features of the
environment (Hafting et al., 2005; Stachenfeld et al., 2017).
Beyond 2D space, there is growing evidence that grid cells
exhibit highly anisotropic behaviour, diverging from the regu-
lar, grid-like patterns seen in planar environments (R. Hayman
et al., 2011; R. M. Hayman et al., 2015; Grieves et al., 2021).
Given that mammals are subject to gravitational forces and
face more restricted movement vertically, it seems natural that
such behaviour would arise in non-planar contexts (Sosa &
Giocomo, 2021). However, this loss of global regularity is ob-
served even in bats (Ginosar et al., 2021) with no clear gener-
alisation of such ordered arrangement to the third dimension
(Stella & Treves, 2015). In this work, we generalise the the-
oretical study of grid cell activity on a flat 2D plane, to a 2D
surface embedded in 3D space and provide three specific pre-
dictions for spatial encoding in this setting using the Succes-
sor Representations (SR) framework (Dayan, 1993; Stachen-
feld et al., 2017; Carvalho et al., 2024). We study the impact

of gravity on the representations of space in the controlled
setting of a hemisphere, reminiscent of more complex land-
scapes a rodent may navigate.

Method

We introduce a novel simulation environment that enables a
rat agent to traverse the inner surface of a lower hemisphere,
under the influence of gravitational pull (described in Figure
1). Using this simulation environment, we model three rodents
randomly navigating the sphere over time, each distinctly em-
ploying one of the three spatial representations to highlight
differences in their effects (described in Figure 2).
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Figure 1: Single transition dynamic step of simulated motion
of a rat in the hemisphere: (7) Randomly sample velocity di-
rection for the current timestep from the instantaneous tangent
plane (red shade) to the surface at the rat’s location. (2) Ad-
just the velocity direction based on the degree of alignment
0 of the tangent plane to the velocity direction using gravity
parameter g. (3) Geometrically project the rat with the gravity-
attenuated velocity to the sphere to obtain the new location of
the rat.
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Figure 2: Three encoding strategies employed by the rat to
encode the spatial location (x,y,z): Spherical coordinates (S-
Rat) encodes the location in spherical coordinates (¢, 6), Or-
thogonal projection (O-Rat) discards the vertical dimension
and encodes the location uniquely as (x,y) and Logarith-
mic projection (L-Rat) scales the orthogonal projection non-
linearly based on z to obtain (x’,)").



Each rodent is simulated under varying values of gravita-
tional strength g € [0, 1] using a standard reinforcement learn-
ing framework, in which the agent takes actions and observes
state transitions, to estimate SR matrices for each. Each re-
sulting SR matrix is then decomposed into its eigenvectors to
obtain the grid cell predictions, as done by Stachenfeld et al.
(2017).

Results
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Figure 3: Grid cell predictions across differing spatial repre-
sentations for g = 0.15. A illustrates grid cell firing on the
spherical manifold, obtained from the grid cell activity of S-Rat
mapped to 3D space. B, C and D illustrate the grid cell predic-
tions for S-Rat, O-Rat and L-Rat respectively across various
representative grid cells.

Figure 3 illustrates grid cell firing patterns on the spheri-
cal manifold and grid cell predictions under each of the three
representations for fixed gravity. We observe varying period-
icity in the grid cells within each representation (aligned with
characteristic grid modules). As exhibited in Figure 3B, grid
cells derived from S-Rat are observed to form generally stable
and grid-like firing patterns that align very rigidly to the polar
and azimuthal axes. Although the grid cell patterns maintain a
regular structure in this coordinate frame, they become highly
elongated when mapped onto the spherical surface, as seen
in Figure 3A. The alignment of the firing patterns with the 2D
manifold of the sphere is an expected result, as this parametri-
sation is isomorphic to a rat navigating a square room, where
movement occurs in two basis directions which bound the
environment. This suggests that such an encoding scheme
inherently supports stable spatial representations by aligning
the agent’s movement with the underlying geometry. In con-
trast to S-Rat, both O-Rat and L-Rat display varying orienta-
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Figure 4: Grid cell predictions from the SR across different
strengths of gravity g for a single eigenvector. A, B and C
exhibit elicited grid cell predictions for S-Rat, O-Rat and L-Rat.

tion across different eigenvectors. This variation fundamen-
tally arises from the inherent symmetry of the environment
when considered in Euclidean space, resulting in grid cells
that align in a circular pattern with no strict alignment to any
axes. Although less stable, this property reflects findings from
the experiment by Stensola et al. (2015), where the absence
of unique orientation cues in a circular room produced simi-
lar effects, highlighting a more ecologically-grounded contrast
with the rigid alignment seen in S-Rat.

Figure 4 ilustrates the effect of varying gravitational strength
on grid cell patterns across each representation. In S-Rat, in-
creasing gravity induces a clear translation of grid patterns
along the polar axis, with firing patterns remaining highly peri-
odic as exhibited in Figure 4A. This stability again stems from
the geometric alignment of this representation to the surface
itself, shifting in the direction of gravity. In contrast, this trans-
lation of firing fields in S-Rat manifests as a radial contraction
of grid cell patterns in O-Rat and L-Rat as gravity increases
(Figure 4B and C). There is a remarkable bias of the grid
fields which point towards the base of the sphere, as seen
for g =0.5. Such a tendency suggests a learned environmen-
tal adaptation, where grid cells appear to encode a directional
bias aligned with gravitational pull, anchoring spatial repre-
sentations toward the base of the sphere.

These results conjunctively highlight how the bases of spa-
tial representation and gravitational embedding fundamentally
shape grid pattern emergence and localisation in 3D space,
with different encodings yielding distinct spatial adaptations.
Our work lays a theoretical foundation for empirical testing of
these predictions in modulated environments, while also invit-
ing exploration of alternative encoding schemes and refine-
ments to models of grid cells.
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